In this talk, I review a number of particle-physics models that lead to the creation of magnetic fields in the early universe and address the complex problem of evolving such primordial magnetic fields into the fields observed today. Implications for future observations of the Cosmic Microwave Background (CMB) are discussed. Focussing on first-order phase transitions in the early universe, I describe how magnetic fields arise in the collision of expanding true-vacuum bubbles both in Abelian and non-Abelian gauge theories.
Introduction to Cosmic Magnetic Fields
A large number of spiral galaxies, including the Milky Way, carry magnetic fields [1] . With few exceptions, the galactic field strengths are measured to be a few times 10 −6 G. This particular value has also been found at a redshift of z = 0.395 [2] and between the galaxies in clusters.
Studies of the polarisation of synchrotron radiation emitted by galaxies with a faceon view, such as M51, reveal that their magnetic fields are aligned with spiral arms and density waves in the disk. A plausible explanation is that galactic magnetic fields were created by a mean-field dynamo mechanism [3] , in which a much smaller seed field was exponentially amplified by the turbulent motion of ionised gas in conjunction with the differential rotation of the galaxy.
For the dynamo to work, the initial seed field must be correlated on a scale of 100 pc, corresponding to the largest turbulent eddy [3] . The required strength of the seed field is subject to large uncertainties; past authors have quoted 10 −21±2 G as the lower bound at the time of completed galaxy formation. This would present a problem for most particle-physics and field-theory inspired mechanisms of magnetic field generation. However, in recent work with A.-C. Davis and M.J. Lilley [4] , I have shown that the lower bound on the dynamo seed field can be significantly relaxed if the universe is flat with a cosmological constant, as is suggested by recent supernovae observations [5] . In particular, for the same dynamo parameters that give a lower bound of 10 −20 G for Ω 0 = 1, Ω Λ = 0, we obtain 10 −30 G for Ω 0 = 0.2 = 1 − Ω Λ , implying that particle-physics mechanisms could still be viable. The observation at redshift z = 0.395 [2] can also be accounted for with these parameters, but requires a seed field of at least 10 −23 G [4] . The dynamo amplifies the magnetic field until its energy reaches equipartition with the kinetic energy of the ionised gas, B 2 /2 = ρv 2 /2 , when further growth is suppressed by dynamical back reaction. Thus a final field of B 0 ≈ 10 −6 G results for any seed field of sufficient strength.
In order to explain the galactic field strength without a dynamo mechanism, one would require a strong primordial field of 10 −3 (Ω 0 h 2 ) 1/3 G at the epoch of radiation decoupling t dec , corresponding to a field strength 10 −9 (Ω 0 h 2 ) 1/3 G on comoving scales of 1 Mpc. Future precision measurements of the CMB will put severe constraints on such a primordial field [6] . Moreover, magnetic fields on Mpc scales have been probed by observations of the Faraday rotation of polarised light from distant luminous sources, which give an upper bound of about 10 −9 G [1] . The observation of micro-Gauss fields between galaxies in clusters presents an interesting dilemma. Because such regions are considerably less dense than galaxies, it is doubtful whether a dynamo could have been operative. Thus the intra-cluster magnetic fields, unless somehow ejected from galaxies, have formed directly from a primordial field stronger than 10 −3 (Ω 0 h 2 ) 1/3 G at t dec . Such a field would certainly leave a signature in future CMB data [6] .
Particle-physics inspired models, which typically produce weak seed fields, lead to precise predictions and there have an advantage over astrophysical mechanisms, where the magnetic field strength is determined by complicated nonlinear dynamics, or solutions of general relativity with a magnetic field [7] , where the field strength must be fixed by observations. With the possible exception of the last-mentioned model, there is no compelling scenario that produces a primordial field strong enough to eliminate the need for a dynamo.
Seed fields for the dynamo can be astrophysical or primordial. In the former category there is the important possibility that a seed field may arise spontaneously due to nonparallel gradients of pressure and charge density during the collapse of a protogalaxy [8] . For the rest of this talk, however, I shall assume that the seed field is primordial.
Primordial Seed Fields
It is useful to distinguish between primordial seed fields that are produced with correlation length smaller than vs. larger than the horizon size.
Subhorizon-scale seed fields typically arise in first-order phase transitions and from causal processes involving defects. For example, magnetic fields may be created on the surface of bubble walls [9] due to local charge separation induced by baryon-number gradients. The magnetic fields are then amplified by plasma turbulence near the bubble wall. This possibility has been explored for the QCD [10] as well as for the electroweak [11] phase transition.
The production of magnetic fields in collisions of expanding true-vacuum bubbles will be discussed in Sec. 4. Fields can also be generated in the wakes of, or due to the wiggles of, GUT-scale cosmic strings during structure formation, resulting in a large correlation length [12] . Joyce and Shaposhnikov have shown that an asymmetry of right-handed electrons, possibly generated at the GUT scale, would become unstable to the generation of a hypercharge magnetic field shortly before the electroweak phase transition [13] , leading to a correlation length of order 10 6 /T . Horizon-scale seed fields emerge naturally in second-order phase transitions of gauge theories from the failure of covariant derivatives of the Higgs field to correlate on superhorizon scales [14] .
Superhorizon-scale seed fields can arise as a solution of the Einstein equations for axisymmetric universes [7] and in inflationary or pre-Big Bang (superstring) scenarios. In the latter case, vacuum fluctuations of the field tensor are amplified by the dynamical dilaton field [15] . Inflationary models produce extremely weak magnetic fields unless conformal invariance is explicitly broken [16] , but even then great difficulties remain. An exciting new possibility is that magnetic fields may be produced via parametric resonance with an oscillating field [17] e.g. during preheating after inflation. Because the inflaton is initially coherent on superhorizon scales, large correlations can arise without violating causality. A similar proposal involves charged scalar particles, minimally coupled to gravity, that are created from the vacuum due to the changing space-time geometry at the end of inflation. The particles give rise to fluctuating electric currents which are claimed to produce superhorizon-scale (indeed, galactic-scale) fields of sufficient strength to satisfy the galactic dynamo bound [18] . This mechanism deserves further investigation.
Evolution of Primordial Magnetic Fields
A serious problem with many particle-physics and field-theory scenarios for producing primordial magnetic fields is that the resulting correlation length ξ is very small. If the fields are produced at the QCD phase transition or earlier with sub-horizon correlation length, then the expansion of the universe cannot stretch ξ to more than 1 pc today (see Fig. 1 ). This is far short of the galactic dynamo lower bound of 5-10 kpc (comoving), corresponding to 100 pc in a virialised galaxy [4] .
Nevertheless, many authors [19, 20, 21, 22] have argued that the correlation length will grow more rapidly due to magnetohydrodynamic (MHD) turbulence and inverse cascade, which transfers power from small-scale to large-scale Fourier modes. Several non-relativistic models for this evolution are analysed in Fig. 1 . The most conservative estimate is obtained by assuming that the magnetic field strength on the scale of one correlation length at any time equals the volume average of fields that were produced on smaller scales but have since decayed [20] . This leads to a growth ξ ∼ t 7/10 (obtained from the Minkowski-space growth ξ ∼ t 2/5 via the substitution t → τ = t 1/2 and multiplication by the scale factor). The most optimistic estimate corresponds to the case when the magnetic field has maximal helicity in relation to the energy density [20, 21] . As magnetic helicity is approximately conserved in the high-conductivity early-universe environment, one obtains the growth law ξ ∼ t 5/6 . Turbulence ends, freezing the growth (in comoving coordinates) when the kinetic Reynolds number drops below unity at the e + e − annihilation or later, depending on the model and the parameters of the initial field. An intermediate and rather plausible estimate has been given by Dimopoulos and Davis [22] , who use the fact that the magnetic flux enclosed by a (sufficiently large) comoving closed curve is conserved. The correlation length here increases at a rate given by the Alfvén velocity, so that ξ ∼ t 3/4 . As Fig. 1 shows, only the most optimistic of these growth laws leads to a correlation length today that satisfies the galactic dynamo bound. This occurs for fields correlated over the horizon scale at the QCD phase transition. Beware, however, that the growth laws were derived using non-relativistic MHD equations assuming that the magnetic field energy density remains in equipartition with the kinetic energy density ρv 2 /2, wherev is the presumed non-relativistic "bulk velocity" of the ultra-relativistic plasma. It seems plausible that a relativistic treatment could alter the predicted evolution dramatically. In this light, I find it too early to reject the idea that also subhorizon fields might evolve into fields sufficiently correlated to seed the galactic dynamo.
At the same time, Fig. 1 demonstrates the intrinsic advantage of superhorizon field generation mechanisms. For these, the principal problem is not the correlation length, but to achieve sufficient strength of the magnetic field.
Magnetic Fields From Bubble Collisions
First-order phase transitions in the early universe proceed through the nucleation of bubbles [23] , which subsequently expand and collide. In order to study the generation of magnetic fields, the initial field strength is assumed to vanish. One may then choose a gauge in which the vector potential V µ is initially zero. In this gauge, the nucleation probability is peaked around bubbles with constant orientation (phase) of the Higgs field.
We consider first a U(1) toy model. Let the Higgs field in two colliding bubbles be given by φ 1 = ρ 1 (x)e iθ 1 and φ 2 = ρ 2 (x)e iθ 2 , respectively, where θ 1 = θ 2 . When the bubbles meet, the phase gradient establishes a gauge-invariant current
† φ] across the surface of intersection of the two bubbles, where D k = ∂ k − iqV k . This current, in turn, gives rise to a ring-like flux of the field strength F ij = ∂ i V j − ∂ j V i , which takes the shape of a girdle encircling the bubble intersection region.
In recent work we have obtained accurate, but rather complicated, analytical solutions for the field evolution in U(1) bubble collisions [24] using an analytical expression for the bubble-wall "bounce" profile [23] . A simpler analytical solution was found by Kibble and Vilenkin [KV] [25] , who made three rather crude approximations: (1) The bubble walls move through the plasma without friction, (2) the modulus of the Higgs field in the interior of the bubbles equals a constant, and (3) the phase θ of the Higgs field is a step function at the moment of collision. The first of these assumptions leads to a simple equation of motion for the bubble wall, which endows the system with a dynamical O(1,2) symmetry [26] . All quantities are then functions only of two coordinates: z, the position along the axis through the bubble centres, and τ = √ t 2 − x 2 − y 2 , combining time with the perpendicular directions. The solutions can be written down explicitly in terms of Bessel functions and, despite the crudeness of the approximations, capture correctly the qualitative behaviour of the fields in the bubble overlap region [24] .
The simplicity of the KV approach makes it ideal for attacking the more complicated problem of non-Abelian bubble collisions. These could occur in a first-order electroweak phase transition (e.g. in the MSSM for M h < ∼ 116 GeV) or in a GUT phase transition. Field strengths created in an early phase transition naturally project onto the electromagnetic U(1) subgroup at the electroweak transition. I will here concentrate on SU(2)×U(1) →U(1) EM and the minimal Standard Model as a solvable example.
The initial Higgs field in the two bubbles can be written in the form
As the bubbles collide, non-Abelian currents j
develop across the surface of their intersection, where
In analogy with the U(1) case, one obtains a ring-like flux of non-Abelian fields. The recipe for projecting out the electromagnetic field amongst the non-Abelian fields in an arbitrary gauge has been given elsewhere [27] .
In the special cases n = (0, 0, ±1) and n = (n 1 , n 2 , 0) it is known [28] that the non-Abelian flux consists of pure Z and W vector fields, respectively. The absence of an electromagnetic field has its explanation in the fact that the normalised Higgs field Φ ≡ Φ/(Φ † Φ) 1/2 maps to a geodesic on the Higgs vacuum manifold and the gauge fields map to a line in the Lie algebra spanned by the generator of that same geodesic:
When n 3 = 0, ±1, both Z and W fields are excited. Because they have unequal masses M W = M Z , they evolve differently [29] and the fieldsΦ and A \ µ stray from the geodesic and its tangent, producing an electromagnetic current. I have used a KV approach to derive a perturbative analytical solution for the evolution of gauge fields in an electroweak bubble collision, valid as long as the fields are small and higher-order nonlinearities can be neglected. The space allotted here allows me only to indicate the structure of the solution for the electromagnetic field, which is
where t c is the time of collision and the functions h i contain products of i Bessel functions. As expected, the resulting field strength is of the order of M 2 W /g with a correlation length ξ ∼ M −1 W . However, when plasma friction and conductivity are taken into account, the magnetic field spreads over the interior of a bubble [30] leading to an appreciable increase in correlation length.
